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DOE is increasingly emphasizing and investing in predictive 

scientific simulation

The goal of the FSP is to enable 

scientific discovery of important new 

plasma phenomena with associated 

understanding that emerges only upon 

integration. This requires developing 

a predictive integrated simulation 

capability for magnetically-confined 

fusion plasmas that are properly 

validated against experiments in 

regimes relevant for producing 

practical fusion energy.

Predictive simulation for decision making requires the systematic 

treatment and quantification of errors and uncertainties

ASC strategic goals are focused on:

ÅImproving the confidence in 

prediction through simulations

ÅIntegrating the ASC Program with 

certification methodologies

ÅDeveloping the ability to quantify 

confidence bounds on the 

uncertainty in our results

ÅIncreasing predictive capability 

through tighter integration of 

simulation and experimental activities

ÅProviding the necessary computing 

capability to code users
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To reach these goals, we need to understand and to quantify the 

sources of error and uncertainty in our simulations

Physical Reality

Decisions

VerificationValidation

Experimental 
Observation

Knowledge

Numerical
Errors

Observational
Errors Modeling

Errors

Uncertainty Quantification

Mathematical 
Models

Numerical 
Models

Adapted from T. Oden et al., SIAM News, 43(9) 2010

Aleatoric uncertainties:  

intrinsic randomness in 

system, e.g. manufacturing or 

material property variability

Epistemic uncertainties:  

incomplete knowledge of 

parameters, models, 

numerical errors, etc.
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Through VVUQ, the goal is to improve both our knowledge and 

our ability to make decisions from that knowledge

Forward propagation of 

uncertainties through 

an uncertain model
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Output

Quantities of interest 

with uncertainties

Input

Uncertain data and 

parameters

Á Codes are used to compute something: Quantities of Interest (QoIs)

Á Uncertainty Quantification is the science of quantitative characterization 

and reduction of uncertainties in applications

Á Primary goal: to estimate uncertainty in the predicted QoIs given a careful 

accounting of uncertainties in inputs

Á Related analyses include the ability to test likelihood of competing models, 

identification of parameter sensitivities, etc. 
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A genuine emphasis on uncertainty quantification will change the 

way we develop and use scientific codes

Documentation

Systematic analysis 

requires detailed 

documentation of 

ÅModels

ÅDiscretizations

ÅParameters

ÅMethodology

ÅAssumptions

ÅStudy execution

ÅResults

ÅAnalysis

ÅBuilt-in sensitivity and error 
estimation techniques

ÅCloser attention to code coupling

ÅDocumentation!

Changes in the 
way we develop 

codes

ÅGoal-oriented computing

ÅEnsemble or auxiliary computing

ÅIncreased emphasis on process

ÅDocumentation!

Changes in the 
way we apply 

codes
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Define objective 

of study

To validate a code for a specific predictive use, a systematic 

uncertainty analysis process should be followed 
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Adapted from B. Thacker et al., LANL Tech. Report LA-14167-MS, 2004

Uncertainty 

Analysis

Note that:

ÅCode verification precedes 

comparisons

ÅCalculation verification 

and UQ concurrent

ÅFlow is not linear in reality!

In the pre-test analysis:

ÅQoIs are defined

ÅParameters are identified

ÅInput uncertainties are 

defined
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Numerical errors are distinguished source of uncertainty that 

should be handled carefully   

Á Numerical errors are generally*

deterministic approximation 

errors, e.g.

ÅDiscretization errors

Å Iteration errors

ÅCoupling errors

One of these things is not like the othersé

Physical Reality

VerificationValidation

Experimental 
Observation

Numerical
Errors

Observational
Errors Modeling

Errors

Mathematical 
Models

Numerical 
Models

Á Not always recognized within the UQ community

Á Numerical error (bias) are conflated with model error

Á Numerical errors cannot in general be made ñnegligibleò

Á Process of estimating numerical errors: Calculation verification

Á Involves a posteriori error estimation

It is incorrect to draw 

conclusions about 

mathematical models if 

numerical errors are not 

understood

*Round -off can be treated as a random error
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Richardson 
Extrapolation

h-refinement

p-refinement

Auxiliary 
Calculations

Explicit 
residual 
methods

Gradient 
recovery 
methods

Auxiliary 
Problems

Implicit 
residual 
methods

Error 
transport 
methods

Adjoint
Methods

Many a posteriori error estimation methods exist that could be 

useful for calculation verification

Single -grid Methods

Significant formulation / 

implementation costs
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Given:        A computed solution v to f(u) = b and data Ɋ

Goal:          Estimate a projection, |(e,Ɋ)|, of the error, e = u - v

Examples:  For error in first component,                             

For average error, 

Adjoint-based error estimation applies variational

analysis to estimate a projection of the error

Choose Ɋfor a 
specific projection 
of the error |(e,Ɋ)| 

Solve the system

f(u) = b 

giving solution v

Compute the 
residual 

R = b - f(v)

Linearize the 
residual about v to 

give 

Ae= R

Compute the 
solution of the 

adjoint problem, 

AT ū= Ɋ

Compute the error 
estimate, 

|(R,ū)|

|(e,Ɋ)|=|(e,ATū)|=|(Ae,ū)|=|(R,ū)|
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The application of a posteriori error estimators to real codes 

presents many challenges

ÁRichardson extrapolation (h-refinement)

ÅLarge resulting errors (asymptotic assumptions)

ÅComplicated convergence behaviors

ÁFormulation of auxiliary problems (adjoints)

ÁCoping with nonlinear algorithms

ÅNonlinear discretizations (e.g., flux limiters)

ÅModel changes at solution-dependent thresholds

ÁLarge-scale integrated codes

ÅHow to combine estimates from mutliple components? 

(propagation of error)

ÅHow to estimate and include coupling errors?

ÅHow and with which method to retrofit legacy codes?
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Techniques for sensitivity and uncertainty analysis can be 

classified broadly into deterministic and statistical methods

Statistical Methods

ÅTreat code as black box (ñnon-
intrusiveò)

ÅRequire sampling of parameter 
space

ÅDirectly determine response 
uncertainty from input 
uncertainties 

ÅApproximate sensitivities are 
obtained through subsequent 
analysis (regression)

ÅStudies are substantially or 
prohibitively expensive

Deterministic Methods

ÅRequire knowledge of model and 
solution of auxiliary problems*

ÅDirectly determines the sensitivity 
of the response to each parameter

ÅApproximate uncertainties are 
obtained through subsequent 
propagation of moments (errors)

ÅStudies are more economical 

Curse of Dimensionality

The parameter-state phase space has very high 

dimension that makes interrogation costly

*Does not automatically imply ñintrusiveò

One 

always 

pays



12

There is also a distinction to be made between global and local 

techniques for sensitivity and uncertainty analysis

ÅAnalyze system response around a chosen point (trajectory) 
in the combined parameter-solution state phase space

Local

ÅDetermine all of the systemôs critical points in the combined 
parameter-solution state phase space and analyze these 
critical points 

Global

Critical points: 

bifurcations, extrema, 

turning points, saddle points
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Sampling-based methods follow the same high-level process

1. Define the subjective distributions Di

that characterize uncertain inputs

2. Generate sample parameter vectors 

Ŭk from the Di

3. Generate the responses R(Ŭk)

through model recalculation

4. Use the R(Ŭk) to generate 

distribution for the response R(u,Ŭ)

5. Perform sensitivity analysis of R(u,Ŭ)

using scatter plots, regression 

analysis, correlation analyses, etc. 

Process is often 

iterated to screen the 

parameters to reduce 

the parameter space

Great deal of 

effort in the 

design of an 

effective and 

efficient 

sampling

A surrogate 

model can be 

generated to 

reduce the 

recalculation 

costs

Expert 

judgment
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A multitude of statistical uncertainty and sensitivity techniques 

exist 

Sampling methods

ÅRandom sampling

ÅStratified importance sampling

ÅLatin Hypercube sampling

ÅMarkov Chain Monte Carlo

ÅAdaptive sampling refinement

Reliability algorithms

ÅFirst-order

ÅSecond-order

Variance-based methods

ÅCorrelation ratio-based methods

ÅFourier Amplitude Sensitivity Test

ÅSobolôs method

Screening design methods

ÅOne-at-a-time (OAT)

ÅGlobal OAT

ÅSystematic fractional design

ÅFractional factorial design

ÅSequential bifurcation
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There are fewer variants of deterministic sensitivity analyses and 

most are local

Local Sensitivity 

about Ŭ0:
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ÅPerturb parameters, compute perturbed response, estimate local 
sensitivity (discrete derivative)

Brute force

ÅDifferentiate system w.r.t. each parameter and solve resulting 
equations for sensitivities

Decoupled Direct Method (DDM)

ÅDifferentiate system w.r.t. initial conditions and convolute with 
parameter derivatives

Greenôs function methods

ÅGeneralization of DDM to problems with reduced continuity

Forward Sensitivity Analysis Procedure (FSAP)

ÅSolve the adjoint problem once for the desired response and 
obtain sensitivities through quadrature

Adjoint Sensitivity Analysis Procedure (ASAP)
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To obtain uncertainties from a deterministic sensitivity analysis, 

the propagation of moments method is used

Á Response expanded as Taylor series:
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Á Variances obtained by integration against joint PDF of parameters:  

Á Procedure can be extended to include skewness and kurtosis 

Á Mean value is just  R(Ŭ0)

Á PDF of response constructed from these moments 

Parameter 

uncertainty

Parameter 

sensitivity
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There are still many open research issues in the application of 

uncertainty analysis methods to large-scale problems

ÁCurse of Dimensionality

ÅCombining statistical and deterministic methods for adaptive 

sampling

ÅEfficient use of HPC resources

ÁAvailability of data and parameter distributions

ÅAnomalies in data (filter data with different qualities)

ÁUnderstanding global and local behavior

ÅResponse surface methodologies

ÁAggregating the large number of uncertainties

ÅAcross coupled components

ÅWith numerical error

ÅMulti-scale uncertainty propagation

ÁPhysical phenomena modeled crudely or not at all
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As an example, consider the process being developed at LLNL 

for the Community Atmospheric Model (CAM)

Á Phase One

Å Exploratory sensitivity and uncertainty studies

- 27 parameters in CAM4

-Rank order parameters (most-to-least influential)

-Characterize linear versus non-linear/interaction 

responses

Å Testing methods for variable selection, dimensional 

reduction (DR) and adaptive sampling refinement (ASR)

Á Phase Two

Å Parameter calibration ensemble

-Use ASR to target key regions of parameter space 

for ensemble runs

-Use observational data to constrain uncertain 

parameters

Á Phase Three

Å UQ runs using CAM (calibrated)

Å Quantify climate sensitivity PDF and determine 

confidence bounds on PDF

Example of a sensitivity map 

calculated using the Morris 

method on CAM3 in a high 

dimensional parameter space. 

(D. Lucas and LLNL UQ SI Team)

Example of a response surface 

generated using polynomial chaos 

expansions on CAM3 ensembles. 

(rendering by Kwei -Yu Chu)
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Multiple global statistical sensitivity methods wereapplied to 

CAM

Á These methods account for 

nonlinear parameter interactions

Á Global sensitivity measures are 

used to identify important 

parameters and categorize linear 

and nonlinear effects

Á Highly ranked parameters are 

targets for calibration

Á A sensitivity ranking for CAM4 

using the Morris screening 

method is shown on the right 

[Morris, Technometrics (1991)]

Å 27 parameters are ranked 

across 17 outputs

Å A handful of parameters are 

important to many outputs 

(++)

Å Many parameters are 

important to at least one 

output (+)

++

[Courtesy of D. Lucas]
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As part of our process, we are developing surrogate models and 

constrained filtering to reduce the uncertainty analysis cost

Hypercube Analysis
(global sensitivities, unfiltered uncertainties)

R = f(p1, p2, p3, ...)

Surrogate Models 

ÅGaussian process models

ÅPolynomial chaos expansions

ÅSupport Vector Regression

ÅMultivariate Adaptive Regression

ÅSplines (MARS)

CAM AMIP simulations

at sample points
Surrogate predictions

at new sample points

(LHS & MOAT sampling)

Observational

constraint filter

ÅMaximum likelihood 

parameter estimation

ÅStatistical filtering

Åsample R using LHS

Åcalculate likelihoods

ÅBayesian calibration

PDFs of present day climate

quantities of interest

PDFs of future climate

quantities of interest

(climate sensitivity)

Uncertainty PropagationFiltering Analysis
(parameter PDFs, response PDFs)

p1

p2

p3

p1

p2

p3

Filtering Methods 

p1

p2

p3

[Courtesy of D. Lucas]
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Fusion energy applications are at least as complicated as climate 

applications, so a similar exploratory approach is needed for FSP

ÁFusion energy is well-positioned: 

ÅBountiful data and controllable experiments

ÁFSP strategy

ÅConstruct a hierarchy of models of increasing 

complexity in one Integrated Science Application

ÅUse an iterative approach as with climate

-Understand key parameters and sensitivities

-Design efficient sampling strategy

ÅInvestigate the use of deterministic methods for error 

and sensitivity analysis

ÅOver time, apply techniques to more ISAs

ÅAn approach that handles components is the goal!
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Development of systematic processes for V&V&UQ in fusion 

energy applications will require extensive collaboration

The necessary expertise lies across many disciplines


