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Outline of this Talk

1. Review of Fokker-Planck theory (the basis for transport analysis)

2. Summary of TGYRO

3. Overview of more recent GYRO/NEO simulation results
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Fokker-Planck Theory of Plasma Transport

Comprehensive series of papers by Sugama and coworkers

The Fokker-Planck (FP) equation provides the fundamental theory for plasma
equilibrium , �uctuations , and transport :

�
@
@t

+ v � r +
ea

ma

�
(E + Ê) +
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Fokker-Planck theory

Comprehensive, consistent framework for equilibrium pro� le evolution

The general approach is to separate the FP equation into ensemble-averaged , A ,
and �uctuating , F , components:
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B Da is the �uctuation-particle interaction operator .
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Fokker-Planck theory

Space- and time-scale expansion in powers of � � = � s=a

Ensemble averages are expanded in powers of � � as

f a = f a0 + f a1 + f a2 + : : : ;
Sa = Sa2 + : : : (transport ordering) ;
E = E0 + E1 + E2 + : : : ;
B = B 0 :

Fluctuations are also expanded in powers of � � as

f̂ a = f̂ a1 + f̂ a2 + : : : ;

Ê = Ê1 + Ê2 + : : : ;

B̂ = B̂ 1 + B̂ 2 + : : : :

Built-in assumption about scale separation hard to escape .
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Fokker-Planck theory

Lowest-order conditions for �ow and gyroangle independenc e

Lowest-order Constraints
The lowest-order ensemble-averaged equation gives the constraints

A � 1 = 0 : E0 +
1
c

V 0 � B = 0 and
@fa0

@�
= 0

where � is the gyroangle.

Large mean �ow
The only equilibrium �ow that persists on the �uctuation timescale is

V 0 = R ! 0( )e' where ! 0
:= � c

@� 0

@ 
:

[F.L. Hinton and S.K. Wong, Phys. Fluids 28 (1985) 3082].
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Fokker-Planck theory

Equilibrium equation is a formidable nonlinear PDE

Equilibrium equation
The gyrophase average of the zeroth order ensemble-averaged equation gives the
collisional equilibrium equation:
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A 0 = 0 :
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V 0 + v0
kb

�
� r f a0 = Ca(f a0)

where v 0 = v � V 0 is the velocity in the rotating frame.

Equilibrium distribution function
The exact solution for f a0 is a Maxwellian in the rotating frame , such that the
centrifugal force causes the density to vary on the �ux surfa ce:

f a0 = na( ; � )
�

ma

2�T a

� 3=2

e� ma (v0)2=2Ta :
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Fokker-Planck theory

Equations for neoclassical transport and turbulence at O(� � )

Drift-kinetic equation

Gyroaverage of �rst-order A 1 gives expressions for gyroangle-dependent ( ~f a1) and
gyroangle-independent ( �f a1) distributions:

Z 2�
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A 1 = 0 : f a1 = ~f a1 + �f a1 ; ~f a1 =
1


 a

Z �

d� ]L f a0

B Ensemble-averaged �f a1 is determined by the drift kinetic equation (NEO) .

Gyrokinetic equation
Gyroaverage of �rst-order F1 gives an expression for �rst-order �uctuating

distribution ( f̂ a1) in terms of the distribution of the gyrocenters, ha(R ):
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ea �̂ (x )

Ta
+ ha(x � � )

B Fluctuating f̂ a1 is determined by the gyrokinetic equation (GYRO) .
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Drift-Kinetic Equation for Neoclassical Transport

NEO gives complete solution with full kinetic e-i-impurity c oupling
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Drift-Kinetic Equation for Neoclassical Transport

Recent implementation of the exact linear operator

CL
a (f 1)

� Express the pitch-angle, � , dependence as a Legendre series : Pl (� )

� This seems unavoidable because collision operator is diagonal in index l

� Precision of l = 0 (number cons.), l = 1 (momentum cons.) critical

� Energy domain is another story

� Traditional semi-analytic method: associated Laguerre polynomials,

L (l+1 =2)
m (x2

a) ; where xa =
v

p
2vta

:

� Awful matrix conditioning (in�nite-domain spectral bad idea)
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Drift-Kinetic Equation for Neoclassical Transport

Recent implementation of the exact linear operator

f 1a = f 0a

N �X

l =0

N "X

m =0

f̂ lm
1a Pl (� )L k ( l )

m (x2
a )x �l

a ; (1)

DANGEROUS TRICK: First compute matrix elements in monomial (not Laguerre) basis

f 1a = f 0a

N �X

l =0

N "X

m =0

f̂ lm
1a Pl (� )x2m + �l

a ; (2)

Can then convert to Laguerre basis via

L k
m (x �

a ) =
mX

j =0

(� 1) j (m + k)!

(m � j )!( k + j )! j !
x �j : (3)



12 Eulerian Transport

Drift-Kinetic Equation for Neoclassical Transport

Test-particle operator

I [CT
ab (f 1a ; f 0b)] = � � 1

ab

q
�
�

P
l 0m 0 f̂ l 0m 0

1a � ll 0 f
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�
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� 1
2 (�m 0 + �l )F (�; � (m + m0) + 2 �l � 3; 2)

�	
; (4)

First term is the Lorentz operator, second term is energy diffusion.
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Drift-Kinetic Equation for Neoclassical Transport

Field-particle operator (replaced by ad-hoc terms in codes )

I [CF
ab (f 0a ; f 1b)] = � � 1

ab
2p
�

� 3=2 P
l 0m 0 f̂ l 0m 0

1b � ll 0� (1 =2)( �m 0+ �l ) f

m a
m b

(1 + � ) � (1 =2)( � ( m + m 0)+2 �l +3) �
� 1

2 (� (m + m0) + 2 �l + 3)
�

� 2
l +1 =2

h
m a
m b

� l
�

1 � m a
m b

�i
F (�; �m + �l � l + 1 ; �m 0 + �l + l + 2)

� 2
l +1 =2

h
1 + l

�
1 � m a

m b

�i
�F (�; �m + �l + l + 2 ; �m 0 + �l � l + 1)

� l ( l � 1)
l 2 � 1=4

F (�; �m + �l � l + 3 ; �m 0 + �l + l + 2)

� l ( l � 1)
l 2 � 1=4

�F (�; �m + �l + l + 2 ; �m 0 + �l � l + 3)

+ ( l +1)( l +2)
( l +3 =2)( l +1 =2) F (�; �m + �l � l + 1 ; �m 0 + �l + l + 4)

+ ( l +1)( l +2)
( l +3 =2)( l +1 =2)

�F (�; �m + �l + l + 4 ; �m 0 + �l � l + 1)
o

: (5)

Here we have de�ned � = v2
ta =v2

tb



14 Eulerian Transport

Drift-Kinetic Equation for Neoclassical Transport

Requires method to evaluate special functions

F (�; m; n ) =
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dxe� x 2

xm
Z x
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x
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These can be written explicitly in terms of sums of Gamma and elementary functions (arctan, etc)
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Gyro-Kinetic Equation for Turbulent Transport

GYRO gives complete solution with full (�; A k; Bk) electromagnetic physics.
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Ŵa2 +

c

Ta

@2 � 0

@ 2
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Gyro-Kinetic Equation for Turbulent Transport

GYRO gives complete solution with full (�; A k; Bk) electromagnetic physics.

Must also solve the electromagnetic �eld equations on the �uctuation scale :
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B Can one compute equilibrium-scale potential � 0 from the Poisson equation?

B Practically, no; need higher-order theory and extreme numerical precision.

B All codes must take care to avoid nonphysical potential at long wavelength
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Transport Equations

Flux-surface-averaged moments of Fokker-Planck equation
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Transport Equations

Flux-surface-averaged moments of Fokker-Planck equation t o O(� 2
� )

na(r ) :
@hnai

@t
+

1
V 0

@
@r

(V 0� a) = Sn;a

Ta(r ) :
3
2

@hnaTai
@t

+
1
V 0

@
@r

(V 0Qa) + � a
@!0
@ 

= SW;a

! 0(r ) :
@
@t

(! 0hR2i
X

a

mana) +
1
V 0

@
@r

(V 0
X

a

� a) =
X

a

S!;a

Sn;a = Sbeam
n;a + Swall

n;a and � a = � GV
a + � neo

a + � tur
a

SW;a = Saux
W;a + Srad

W;a + S�
W;a+ Stur

W;a+ Scol
W;a and Qa = QGV

a + Qneo
a + Qtur

a

� a = � GV
a + � neo

a + � tur
a

RED: TGYRO GREEN: NEO BLUE: GYRO



19 Eulerian Transport

Preview: The TGYRO Project

Simulate multiple space and time scales using �rst-principl es physics

TGYRO provides high-level control of GYRO, NEO, TGLF, etc .

B Complete hierarchical (ordered) solution of Fokker-Planck equations.

B Proper analytic equilibrium solution for rotating plasmas.

B Neoclasical transport : direct spectral solution of the drift-kinetic equation.

NEO code (Belli) or NEO formula module

B Turbulent transport : direct Eulerian solution of nonlinear gyrokinetic equations.

GYRO code or TGLF model (Staebler)

B Fully-implicit solution of transport equations in integral form .

B Rapid convergence for quasilinear transport models (TGLF, IFS-PPPL).

B Handy tool for transport model comparison or development .
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TGYRO-TGLF Test Case (DIII-D L-mode discharge 128913)

Rapid pro�le convergence with number of radial nodes

2 radial nodes
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TGYRO-TGLF Test Case (DIII-D L-mode discharge 128913)

Rapid pro�le convergence with number of radial nodes

4 radial nodes
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TGYRO-TGLF Test Case (DIII-D L-mode discharge 128913)

Rapid pro�le convergence with number of radial nodes

6 radial nodes
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TGYRO-TGLF Test Case (DIII-D L-mode discharge 128913)

Rapid pro�le convergence with number of radial nodes

8 radial nodes
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TGYRO-TGLF Test Case (DIII-D L-mode discharge 128913)

Rapid pro�le convergence with number of radial nodes

10 radial nodes
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TGYRO-TGLF Test Case (DIII-D L-mode discharge 128913)

Rapid pro�le convergence with number of radial nodes

4 vs 10 radial nodes
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B Prediction for typical DIII-D L-mode plasma converged with 10 radial nodes.

B Very good result with only 4 nodes !
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Synthetic Beam Emission Spectroscopy (BES)

From C. Holland et al., Phys. Plasmas 16 (2009) 052301.

BES measures local density �uctuations via 2D array (5� 6);
Poloidal channels cross-correlated to improve S/N ratio;

50% point-spread function contours shown.

G.R. McKee, R.J. Fonck, D.K. Gupta, D.J. Schlossberg, et al., Plasma Fusion Res. 2, S1025 2007.
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Synthetic Correlation Electron Cyclotron Emission (CECE)

From C. Holland et al., Phys. Plasmas 16 (2009) 052301.

Measures local Te �uctuations via radial cross-correlation;

50% point-spread function contours shown.

A.E. White, L. Schmitz, G.R. McKee, C. Holland, et al., Phys. Plasmas 15, 056116 2008.
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Measured Versus Simulated Pro�les (DIII-D 128913 1500ms)

Plasma core is non-stationary.

GYRO simulation near top of pedestal does not converge ; strong ETG regime
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First demonstrations of pure microtearing turbulence

Walter Gutterfelder (PPPL)

� NSTX discharge 120968 (BT =0.35 T, I p=0.7 MA, PNBI=4 MW)

� Microtearing mode is the only ion-scale instability for 0:5 < r=a < 0:8.

� �B k has little in�uence on the growth rate

� Nonlinear simulations require very �ne radial grid
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First demonstrations of pure microtearing turbulence

Walter Gutterfelder (PPPL)

� Atypical eddy structure in �n e (left) and �A k (right)

� Large radial correlation length for magnetic perturbations
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First demonstrations of pure microtearing turbulence

Walter Gutterfelder (PPPL)
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First demonstrations of pure microtearing turbulence

Walter Gutterfelder (PPPL)

� Naive Chirikov overlap criterion satis�ed for r=a > 0:3.

� Computed electron transport agrees with experiment and is stochastic .
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Electromagnetic turbulence destroys �ux surfaces

Eric Wang (LLNL): Revisit the �nite- � Cyclone base case
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Electromagnetic turbulence destroys �ux surfaces

Eric Wang (LLNL)

� Magnetic �utter transport = stochastic transport
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Electromagnetic turbulence destroys �ux surfaces

Eric Wang (LLNL)

� Left (Cyclone) is pure stochastic

� Right (NSTX) has additional energy loss mechanism

QQYRO and Q st  vs time
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Electromagnetic turbulence destroys �ux surfaces

Eric Wang (LLNL)

� � e = 0:1% (top) versus � e = 0:7% (bottom)

� Curves to the left have deleted high-k modes
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Local neoclassical theory (exact linearized FP operator)

Emily Belli (GA)

� At long last we can assess accuracy of model operators
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Exact local neoclassical theory (full linearized FP operat or)

Emily Belli (GA)

� Spectral methods are not optimal for banana-regime calculations

10� 5

10� 4

10� 3

10� 2

10� 1

100

(Q
(j

+
1)

i
�

Q
(j

)
i

)=
Q

(j
+

1)
i

5 10 15 20
N

�̂ � 1
ii =1e-4

�̂ ii � 1 =1e-3

�̂ � 1
ii =1e-2

�̂ � 1
ii =1e-1

�̂ � 1
ii =1

�̂ � 1
ii =10

10� 5

10� 4

10� 3

10� 2

10� 1

100

(u
(j

+
1)

k
;i

�
u

(j
)

k
;i

)=
u

(j
+

1)
k

;i

5 10 15 20
N


